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1. INTRODUCTION

Theinversescatteringor inversespectral transformis a
methodof solving the initial value problemfor a class
of nonlinearequationsin one spaceand one time vari-
able;theequationsn this classarecalledintegrable This
method,first proposedin [8] for the Korteweg-deVries
(KdV) equationhasthenbeersuccessfullyappliedto mary
otherintegrablenonlinearevolution equationslit provides
anexplicit integral representatioonf the solution,andit is
basedon the Lax propertyof integrableequationsthatis
on thefactthatintegrableequationscanbe written asthe
compatibility conditionof two linear ordinarydifferential
equationODE), onein the spatialvariablez andonein
the temporalvariablet; thesetwo equationsare calleda
Lax pair. The classicalinversespectralmethodusesthe
spectralanalysisof the z partof the Lax pair, while thet
partis usedto determinghetime evolution of thespectral
data,i.e. of thedatathatappeain theintegral representa-
tion of the solutionof the givenproblem.

For over twenty years,after the discovery of the in-
versescatteringmethod the mostoutstandingopenprob-
lemin thisfield hasbeenthesolutionof initial andbound-
ary value problemfor the importantclassof integrable
evolution equationsto this classbelongin particularser-
eralequationsnodellingwaterwave propagationsuchas
the KdV, the Benjamin-Ono(BO), the sine-Gordonand
the nonlinearSchibdingerequationsall of which are of
greatrelevancefor physicalapplications. A first stepin
thisdirectionwastheunderstandinfg] thatfor theinverse
scatteringmethodto yield a spectrallydecomposeihte-
gral representationf the solution,one needsto perform
the spectralanalysisnot only of one, but ratherof both
equationsn the Lax pair. Theseconctrucialobsenation,
dueto GelfandandFokas[3], is thatlinear partial differ-
entialequation§PDE)canberegardedasaspeciaktaseof
integrableequationsandin particularpossess Lax pair
formulation;thuslinearevolution PDE’s canbe solvedby
the inversespectralmethod. Thesetwo factshave been
jointly exploited by Fokas,who alsomadethe important
discovery that performingthe simultaneouspectralanal-
ysisof thetwo equationsn the Lax pair greatlysimplifies
the analysisandclarifiesthe meaningof eachstep;based
on this, in [2], he presentsa generalapproachto solv-
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ing boundaryvalue problemson the half-line for some
particularexamplesof linear and of integrablenonlinear
PDE's. This approactusesthefactthatthe spectralanal-
ysis of the nonlinearintegrablecasecanbe basedon the
analogousanalysisof the associatedinearizedequation.
Following thisimportantwork, severaldifferentboundary
value problemshave beenstudiedfor integrable PDE’s,
including problemsinvolving time-dependergeometries
[6]; moreaver, the methodhasbeenappliedto investigate
mary issuesarisingin physicalapplications.

Theaimof thisarticleis to usethegenerabpproactof
[2] andits applicationto linearevolution equation®n the
half-line, [5, 7], to studytwo-pointboundaryvalueprob-
lemsfor integrableevolution equationsn onespacevari-
able. We shallfocusonthelineardispersie case,.e. on
the problemof determiningthe function ¢(z,t) that for
given appropriateinitial and boundaryconditions,satis-
fiestheequation

(0 + iw(—1i0z)) q(z,t) =0,
0<z<L0<t<LT, 1)

whereL is agivenrealnumberandw(k) = 37, a;kd,
a; € R, isthedispersiorrelation.

For domainswith afixed geometryasis the casefor
thetwo-pointboundarywe considerpresentlythemethod
consistof thefollowing steps:(a) Formulatingthe given
PDE asthe compatibility condition of two linear eigen-
value ODE’s. (b) Performingthe simultaneouspectral
analysisof thesetwo equationsj.e. constructinga func-
tion u(z, t, k) whichsolvesbotheigervalueequationsand
which for (z,t) in the given domain,is boundedfor all
comple k, wherek is thespectraparameteof theeigen-
valueequationsln fact,for the presentasethefunction
u(z,t, k) is actuallysectionallyanalyticin k. Thismeans
thatthereexists an orientedcontourI” dividing the com-
plex k planein two multiply-connectedegions,a (+) and
(—) region (by corvention,the (+) region lies to the left
of the positive orientation),suchthaty is analyticin each
of theseregions. This leadsto the formulationof a clas-
sicalmathematicaproblem known asa Riemann-Hilbert
(RH) problem,on the fixed contourI" of the comple &-
plane;theuniquesolutionof this problemyieldsaspectral
representationf thesolutionof theequationjn termsof a
function p(k) which we call the spectal data (c) Identi-
fying all globalrelationssatisfiedby the boundaryalues
of the solution.



Thesethree stepsare algorithmic, and only step(c)
malkesreferencedo theboundaryconditions.Onecanthen
usetherelationsof (c) to determinehow mary boundary
conditionsmustbe prescribedn orderfor the problemto
be well posed. For sucha well posedproblem,onethen
hasto computethe spectradatap(k) involvedin therep-
resentatiorof the solution,in termsonly of the givenini-
tial andboundarydata.Thislaststepdependsn anessen-
tial way ontheparticulardomainandandboundarycondi-
tionsoneis consideringandeachcaserequiresa separate
analysis.

Step(a) and (b) can be performedwithout essential
differencesn the integrablenonlinearcaseas well; the
differenceébetweerinearandnonlineabehaiouremeges
essentiallyin step(c), asin this casethe global relations
oneobtainsare nonlinearasopposedo linear; thustheir
resolutionis muchharderanddoesnotleadto explicit for-
mulas.

This programhasbeencarriedout for linear evolu-
tion PDE’s on the half line, andfor several particularex-
amplesof nonlinearintegrablePDE’s on variousfixed or
time-dependeniomains. In the linear case the solution
hasa purely integral representationwhereasn the inte-
grablenonlinearcase this integral representatioms sup-
plementecby a discretesum,whosetermscorrespondo
the celebratedclassof specialsolutionscalled solitons
The differenceintroducedby the two-point boundaryis
thatevenfor thelinearcase the representationf the so-
lution consistsnot only of an integral along a specified
comple contour but alsoof a discretesum,takenonthe
zeroef a certaindiscriminantfunction D (k) which de-
pendsonly on the particularspatialinterval. Physically
thesezeroesorrespondo theresonantodesneexpects
to bepresenfor suchaone-dimensionatonstrainedvo-
lution problem.

In Section2 we outline the resultfor the generallin-
earequation(1), andillustrate the detailsfor the partic-
ular caseof the two-point boundaryvalue problem for
the linearizedKdV equationg; + ¢z, = 0. In Sec-
tion 3 we indicatehow the resultsfor the linear casecan
be usedto solve the sameproblemfor the KdV equation
Gt + dzze + 699, = 0.

The researcipresentedereis part of a joint project
with A.S. Fokas.

2. LINEAR EVOLUTION EQUATIONS

Ratherthan consideringthe generallinear problem (1),
werestrictattentiononly to dispersive evolutionequations
correspondingp thedispersiorrelationw(k) = £(—1)"k",
i.e. of theform

g+ (O)"Iq=0, 0<z<I, 2
q(z,0) = q(z), 0<t<T.

whereg(z) is agivensmoothfunction,andboundarycon-
ditionsareimposedin sucha way thatthe problemhasa
uniquesolution. This simplificationdoesnotimply acon-
ceptualloss of generalizationjndeed,it is shovn in [7]

thatthe analysisof the generalproblem(1) is essentially

basedon the analysisof the equationobtainedby consid-
eringonly theleadingorderz-derivative. To fix ideaswe
considerbelov only the choiceof + signin equation(2);
we remarkshortly on the choiceof — sign at the end of
this section.

The first stepin our method,the expressionof the
equationasthe compatibility of a pair of ODE's, canbe
achievedalgorithmically[2]; it is easyto checkthata Lax
pair for this equatioris givenby

Ba — tkp =g, (3)
e+ (-1 ik =g, @)

wherey = p(z,t, k) and
q = in_l [qn—l + ik(In—2 N (ik)n_lqO] ’

q; (IL', t) = 6.%‘1(3’.7 t)

Thesecondstepinvolvesfindingasolutionu(z, t, k), bounded

for all £ in the comple plane,of both equationg3) and
(4). Consider

xr
(ot k) = [ DG,y
0
t
+e““”/ e_i‘”(k)(t_s)cj(O,s,k)ds,
0

po (@, t, k) =/ e*@=Vg(y, t)dy
0

T
_eikz / efiw(k)(tfs)q(o’ s, k)ds,
t

L
ps (@, t, k) = —/ M@= g(y, t)dy

T

t
+eik(m7L)/ e~ (t=9)G(T, 5 k)ds,
0

L
pa (@, t, k) = —/ @ q(y, t)dy
x
T
_eik(sz) / efiu)(k)(tfs)q(L’ s, k)ds
t

The boundednessf eachof thesefunctionsdependson
thenegativity of therealpartof theexponenif thevarious
exponentialsnvolved. Sincee’** is boundedfor z > 0,
only for k in the upperhalf planeC*, the only exponen-
tial one needsto analyzeis e~*®)t, Let D* = {k :
Im(w(k)) < 0}andD~ = {k: Im(w(k)) > 0}. Then
if D =CtNnD*t, Dy =CtNnD~-,D3=C~nDT,
andD, = C~ N D, eachy; is boundedandin addi-
tion analytic,in the correspondind;. Defineu = p; for
k € D;, andcomputethe jump u; — p;, ¢ # j, of the
functionu(z, t, k) acrosgheboundarie®f thevariousre-
gionsD;; sincep; — p; satisfieshehomogeneousersion
of equationg3)-(4), thisjumpis alwaysof theform

pi — pj = ek ) g £ g, (5)

andit is easyto computethat

a(k) = [ e vq(y)dy,
v(0,k) = [y e“®sg(0,5)ds,  (6)
v(L,k) = fOT e ®)sG(L, s)ds.

p(k) =



Moreover, i satisfiegtheasymptotidbehaiour

iq(x,t 1
w(z,t, k) = q(k ) + 0 (k_z) , k— oo
This asymptoticestimate,the sectionalanalyticity of u
(i.e. the analyticity of eachy;), andthe jump (5) define
a RH problem. This problemhasa uniquesolution, ex-
pressedasthe Cauchyintegral of the jump of u(x,t, k)
along the contourin C acrosswhich g hasa jump. In
particular the variablesr andt¢ dependencef this solu-
tion is explicit, becausen the jump function (5) z andt
appearonly exponentially This uniquesolutiontogether
with equation(3) yieldsfor ¢(x, t) the desiredspectrally
decomposethtegral representatiorin termsof the spec-
tral datag(k), v(0, k) andv (L, k); thesespectradataare
definedonly in termsof theinitial andboundarydata,i.e.
of thefunctionsg(z) andg;(0,¢), 5 =0,...,n— 1.

In generahotall of theboundaryconditionsg;(¢) can
beprescribedndependentlyHowever, to achievethethird
stepof the program,onenotesthatall the u; (z, t, k) have
asecondepresentationyhich canbeusedto obtaina set
of globalrelationsthatthe spectraldatamustsatisfy Af-
tersomemanipulationstheseglobalrelationsdeterminea
systenof algebraicequationgor theboundaryconditions;
accordingto the numberof independenéquationsn this
systempnecandeterminehow mary independenbound-
ary conditionsneedbe prescribedn orderfor the prob-
lem to be well posed.In the presentcaseof a two-point
boundaryvalueproblem,in orderto solve the above sys-
tem, oneneedsto divide by a certaindeterminantD (k);
theresiduetheoremimpliesthat,at the zerosof this deter
minant,theintegralrepresentatiomvolving1/D (k) must
be supplementedtly a discretecontrikbution extendedover
thesezeros.

Ratherthan performingthis analysisin general,we
now give the preciseresultandsomedetailsfor the equa-
tion ¢; + gz = 0. Thedetailedanalysisof this equation
canbefoundin [1].

Proposition 1 Letg(z,t) satisfy
Qt+szw=0> OS:L.SL;OStSTa
q(JE,O) = Q(Z'), q(x) € C3([05LD (7)

Supposedhat appopriate boundaryconditionsare given
atz = 0 andz = L sud thatthere existsa uniqueglobal
solutiong(z,t) € C3[0,L] x C*[0,T.

Defing in thecomple k-plane thesixregions{;}j=1,...6

wheek € {j} if
[(G —1)* 7] /3 < arg(k) < [j =7 /3,

anddenoteby 9{j} their orientedboundaryseeFigure 1.
Thenthis uniquesolutionis givenby

1 ® 3,
)= - { [ g
+/ ez’kw+z’k3ty(0,k)dk

a{2}

+/ eik(sz)+ik3tV(L7k)dk 7
a{4}us{6}
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@
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Figurel: Theregions{1},..., {6} associateavith equa-
tion (7)

whele theentire functionsj(k) andv(w, k) are definedn
(6). Moreover, for arg(k) € [n/3,2m/3], the following
global conditionsare valid

v(L, k) — e* (0, k) + e Go (k)

— ez’kL—ikST(jT(k)’

e~ Iy (L, Ck) — v(0, Ck) + do(Ck)

= e * gy (h),

e kLY (L, (k) — (0, Ck) + o (C2H)

=e ® g (k), ©)

whee ¢ = e27/3 and

L .
i (k) = /0 =% (. T)da. (10)

To obtaintherepresentatiok8), we noticethatin this
casey; is boundedin {1} U {3}, p2 in {2}, ps in {5}
andu, in {4} U {6} (seeFigure2); thustheir differences
satisfy

T eikz+ik3t [efikLV(L’k)

+4(k)], k € R,

_ aikz4ik3t
pr—p2 =e v(0,k),

ke 0{2}, (11)
pz — pa = eR@E=LHR (], |,

k € 0{5},

Moreover, us hasthe secondepresentation
M3 (.'L', t7 k) = eikatllﬁ (.Z', 07 k)
t
+/ eiks(t_s)tj(m,s,k)ds.
0

Evaluatingthisequatioratz = 0, ¢ = T andusingthethe
first representatioof us(z,t, k), we obtain,for k € {5},
theglobalrelation

e—z'kL+ik3TV(L’ k) — ez’kSTV(O, k)
.1 3 N N
+e* TG(k) = Gr(k), (12)

whereg is definedin (6) andgr (k) is givenby (10). We
notethatmultiplying the globalrelation(12) by appropri-
ateexponentialswe obtainthe analogouselationsfor all
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Figure2: Theset-upfor the Riemann-Hilberproblemas-
sociatedvith equation(7)

k in C: thenby rotation(i.e. multiplicationby thefactor¢
or (2, where¢ = e~?7#/3), theglobalrelationsin {4} and
{6} yield two equationsn {2}. Thuswe obtainthatin the
region {2} the threerelations(9) hold. Sincethe bound-
ary dataaresix, threeatz = 0 andthreeatz = L, this
meansthat we have a systemof threeindependenglge-
braicequationsn six independenvariablesthusto have
ary hopeof solvability, we mustprescribethreeof these
variables. However, it turns out that this systemcanbe
solvedin termsof ¢(z,0) andthe threeknown boundary
conditionsonly in somecasesThisis dueto thepresence
of the unknown term g (k); we cansolve the systemex-
plicitly onlyin the casethatthis term, dividedby the dis-
criminantof thesystemandmultiplied by theexponential
eike+ik’t is houndedandanalyticin the region {2}, so
thatits integral alongthe boundaryof this region givesno
contrikution to the representationf the solution. For the
presentxample,onecanprove thefollowing result.

Theorem 2 Theinitial boundaryvalueproblemfor (7) is
well posedif any one of the functionsd? ¢(0,t) and any
two of the functionsd?q(L, t), j = 0,1, 2 are given. The
uniquesolutionof suc a well posedproblemis givenby

1) = o { / ik ikt g 1) i
o3 N (0, k
+ / ezkz+zk3t ’ dk
8{2} D(k) )

s, N(L, CR)
+ / ezk(w L)+ik3t ’ dk
{4} D(¢?k)

s N(L, CE)
+ / ezk(z‘ L)+ik3t > dk
{6} D(Ck)

_ Zezk3t+1/\1z 0 Aj ) + 2N(L7 AJ)
D'(A5)

Here, ¢ = e~27/3 D(k) is givenby
D(k)=(1-0(C+ eik(1=C")L | C2eik(1—()L),

A; are the zeos of D(k) in theregion {2}. Theterms
N(0,k), N(L, k) canbe computedexplicitly in termsof
thegivenboundarydata.

To giveaspecificexample,supposhatthegivenbound-
arydataareq(0,t) = gf(t), q(L,t) = ¢§ (t) andg, (L, t) =
qk (t); thenthespectrabataaregivenexplicitly by thefor-
mulas

N(0,k) = (1 = EE1)§(¢*k)+
k*v5(0,k) (¢ —1)(¢ + EE: + (*EE»))
—(1 = Qkvi (L, k) (B + (PE» + CE?)
—(1 = Q)k’vo(L, k) (B2 + PEr + CE?)
—(B2 — E1)Eq(k) — (1 — EE»)q(Ck)

N(L,k) = +3Ek?10(0, k)

—kvi (L, k)(1 + (*EE, + CEE>)
—k*vo(L, k)(1 + EE;, + EE»)
+E(4(k) + C4(Ck) + ¢*4(¢%F)),

where,if u =0o0ru =1L,

T
vo(u, k) = / =t qu (1) dt,

0
T 1.3
v (L, k) :/ e ik tq{“(t)dt,
0

E = esz’ El — eszkL,

E, = e_iCZkL, F =e kT

We concludethis sectionwith a remarkon the equa-
tion obtainedby choosingthe — signin (2), i.e. we con-
siderthe sameboundaryvalue problemfor the equation
g — 9zz2 = 0. In this casewe obtainawell posedprob-
lemif two conditionsaregivenatz = 0 andoneatx = L.
This resultcan be proven by the samemethodoutlined
above; howeverit is animmediateconsequencef thefact
thatthis choiceof signcorrespondso aninversionof the
directionof thetime variable.

3. INTEGRABLE NONLINEAR CASE: THE KDV
EQUATION

We cannow usethe knowledgeof thelinearizedequation
solvedin the previous sectionto find a representatiof

the solutionof the following boundaryalueproblemfor

theKdV equation:

Gt + Gzez +6qq: =0, 0<.’17§L,
q(z,0) =q(z), 0<Lt<T.

We assumeéhat boundaryconditionsare givenin sucha
way that there exists a unique solution of the problem.
This is possibleasthe KdV equationis integrable,andas
suchit admitsa Lax pair representationAlthoughin the
nonlinearcasethereis no algorithmto constructthe Lax
pair, in this caset hasbeenknown for alongtimethatthe
Lax pairis givenby (se€[4])

Pz + ik[Ug,/J] = Q,u/a
i+ 4k o5, 1] = Qi (13)



where[-, -] denotesheusualmatrixcommutatoru(z, t, k)
is a2 x 2 matrix-valuedfunctionandthe 2 x 2 matrices
Q(z,t,k) andQ(z, t, k) aredefinedoy

Q = % (02 —io3)),
~ 1 .
Q 2kqo2 + gzo1 + ﬁ(qmz +2¢%) (io3 — 02)),

whereg; arethePauli matrices

0 1 0 —i 1 0
(Vo) = (F0) (o 5)

The constructionof the representatiomf the solutionis
analogoudo the one carriedout for the linear case,i.e.
it is basedon the simultaneousspectralanalysisof the
Lax pair. To constructthe sectionallyanalytic function
w in this casewe proceedasfollows: usingthe notation
63A = [03, 4], thene?® A = e Ae~73, matrix-valued
solutionsof bothequationg13) aregivenby

Mi(z,t,k) = I+ / DTS QM )y, ¢, k)dy
0

¢
+e“”&3/ e R=9)0s (QM,)(0, 5, k)ds,
0

andby M5, M3 and M, definedsimilarly, in analogywith
L2, 43 andu,. By analyzingwherethe columnvectorsof
thesefunctionsareboundedandanalytic,onearrivesat a
well definedRH problem thatis now matrix-valuedrather
thanscalaywith jumpsacrosghe samecontourasthe RH
problemassociatewvith thelinearizedoroblem examined
in theprevioussection.Thesolutionof this matrix-valued
RH problemcannotbe found in closedform, but is ex-
pressedhroughalinearintegral equatiorof the Fredholm
type; however, the  andt dependencef the solutionis
the samefound for the linear problem,thusit is still ex-
plicit. Thesolutionof theboundarywalueproblemis then
givenby

q(z,t) = 2i0, ( lim ulg(m,t,k)) ,
k—o0

whereus(z, ¢, k) indicatesthe (1,2) componeniof the
matrix u(z, t, k).

Matrix RH problems,asopposedo scalarones,can
have singularitiesthesesingularitiesyield a discretecon-
tributionto thesolutionrepresentatiorHowever, thiscon-
tribution differs from the discretecontritution found in
the linear case which wasdue purely to the form of the
boundaryof the domain. This kind of discretecontriku-
tion will be supplementedn the presentonlinearcase,
by a discretecontrikbution dueto the singularitiesof the
RH problem. Thesesingularitiesgive rise to soliton so-
lutions, which are very specialsolutionsassociatenly
with integrableequations.

Finally, we remarkthat the mostdifficult part of the
analysisis now the resolutionof the global relations,as
theserelationsare now nonlinear;theseglobal relations
yield asystenof nonlinearintegralequation®f theVolterra
typefor theboundarydata,whichonemustanalyzein or-
der to prove which problemsare well-posed. However,

at leastfor smalldata(or smalltime intenals), the well-
posednessf thelinearizedoroblemimpliesthewell-posedness
of the correspondingproblemfor the nonlinearequation,
andwe expectthatthe analysisof the nonlinearrelations,
althoughmorecomplicatedn the presennonlinearcase,

will yield thesameresultsasin thelinearone.
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