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ABSTRACT

In this notewe give a closed-formformulafor the Kauff-
man bracketof pretzellinks. In particularthis formula
allows us to calculatethe spanof the Jonespolynomial
of ary pretzellink (compareto partial resultsobtainedin
[1]).
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1. KAUFFMAN BRACKET OF PRETZEL LINKS

In [1], Hara, Tani and Yamamotocalculatedthe spanof
the Jonespolynomial of somepretzellinks. In this note
| give a simpleformulafor the Kauffman bracketof ary
pretzellink anddeducethe spanof the Jonegpolynomial
of ary pretzellink, improving clearly the resultsin the
paperabose mentioned.

Theproofsarequitesimple,requiringbasicallyagood
organizationn carryingthecalculationsandmanipulating
the skeinrelations.

The interestof the paperis to provide the spanof a
large family of Jonespolynomials, other than those of
toruslinks. This hasalreadybeenusedto comparethis
numberwith someboundsin connectionwith the Ben-
nequinnumber

Given ary integers ai,...,a,, Wwe denote by
P(ai, ..., a,) the pretzellink diagramshown in Figurel.
Here a; indicates|a;| crossingswith “signs” a;/|a;| if

(IZ#O

l I l lall crossmg{

(11>0 az<0

Figurel: Pretzelink diagramP (ay, ..., a,).

For alink diagramD we denoteby (D) its Kauffman
bracketwith normalization(()) = 6§ = —A~? — A? (see
[2]). Recallthat{D) is aregularisotopyinvariantof dia-
grams definedby thefollowing additionalrelations:

W) ()= A+ A0 0
(i) (D L) = 5(D)
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Here() is the diagramof the unknotwith no crossings.
In (i) the formula refersto threelink diagramsthat are
exactly the sameexceptneara point wherethey differ in
theway indicated.In (ii) D U () is a diagramconsisting
of the diagramD togethemwith anextra closedcurve ()
that containsno crossingsat all, not with itself nor with
D. Fromtheserelationswe candeducethe effecton (D)
of atypel Reidemeistemove on D:

—AMN )
)

(iii) (6) =
(i) (5) = —A~

Definition. Let [0] = 0, andfor ary integera # 0, let
[a] € Z|A*'] bedefinedby

la]—1
[Cl] — AQ-'%T—ISG Z (_1)a+j+1A4j-,%|—.
j=0

Note that [¢] is a Laurentpolynomialin the variable A.
Its behaiour remindsthe quantunintegers.Clearly[1] =
A=Y [-1] = A, andwe have therecurrencdormulas

[a] = Ala — 1]+ A~1(—A=3)2=1if a > 0,

[a] = A= [a+ 1] + A(—A%) =21 if a < 0.

In additionwe have the following equality (the proof
is aneasyexercise):

Lemmal. §[a] = —A? + (—A7?)2.

Lemma2. (P(...,
=A¥P(...,

i1, 0,041, ...))

a;—1,0, aiq1, ))-l—[a](P(, i1, Aj41, ))

Proof. If a = 0 theformulais trivial since[0] = 0 by def-
inition. Leta > 0. We useinductionona. Thecasex = 1
followsfrom (i) andthe equality[1] = A~!. Assumethe
resultin thecased, ..., a — 1. Thenwe have that

(P(...;a¢i_1,a,ai41,...))

=A(P(...,a;_1,a— 1,a;41,...))
+ A=A YP( ain, iy, )
(by (i) and(iii"))

=A(AHP(. ai—1,0,a541,...))
+ [a — 1{P(...,a5—1, aiy1,...)})
+ A=A YP( ain, iy, )
(by hypothesiof induction)



:AQ<P(“.J a;_1, 0J Aiq1, )>

HA[— 1]+ AT AP aimy digy, .. )

:AG<P(...,GZ’_1,O,GZ’+1, )>
+ [al{P(...,ai—1, aiy1, ...)},
thelastequalitysince[a] = Ala — 1]+ A=1(—=A73)2~!
if a> 0.
For a < 0 we useinductionon |a|. Thecasea = —1

follows from (i) andthe equality[—1] = A. Assumethe
resultin thecases-1, ..., a + 1 and(exercise)proceedas
in casea > 0, using(iii) insteadof (iii"). O

Remark 1. Notethat( (a)) = AYP(0))+ [a){CO) =
A% + [a]§? = §(—A~?)2, thelastequalityby Lemmal.
Of coursethis agreeswith thefactthat P(a) is thetrivial
knotwith |a| kinks, negative kinksif a > 0, positive kinks
if a < 0.

Lemma3. (P(...,a,0)) = (A% + [a]){P(...,0)).
Proof. We have that
(P(..a,0))
=A*(P(...,0,0)) + [a]{P(...,0)) (byLemma2)
=A"(P(...,0)) + [a)(P(...,0)) (by(iD)
=(A% + [a])(P(..., 0)). =

Theorem 1. TheKauffmanbracketf thepretzellink dia-
gramP (a4, ..., a,) is givenby theformula

n

H(A“ d+ [a;]) ﬁ

i=1 i=1

(P(ai,...,a,)) =

Proof. By inductiononn. If n = 1 thenwe have (P (a))
= §(—A~3)¢ by Remarkl, andthis is equalto (A%§ +
[a]) + (62 — 1)[a] = §(A* + §[a]) by Lemmal.

Assumenow thecased, ..., n — 1. We have that

(P(ai,...,an))
=A"(P(ay,...,an_1,0)) + [an](P (a1, ...
(by Lemma?2)
=A" (A28 4 [a,_1]){P (a1, ...
+ [an]{P (a1, ..., an-1)),
thelastequalityby Lemma3. Now we applythe hypoth-

esisof inductionandthe fact that[0] = 0 to obtainthe
following:

)aﬂ—1)>

) On—2, 0)>

(Plat,e, )
A ) H(Aaj5 + [a;])
j=1
+aa) (T (4% 6+ fas]) + 67 = 1) H )
k=1

f‘[Aaé-l—az 5—112‘[[(1Z

Remark 2. We will usethe formulain Theoreml (pre-
sentingthe Kauffman bracketof a pretzellink asthe sum
of two products)for obtainingthe spanof the Jonegoly-

nomial of ary pretzellink. This formula canbe obtained
directly by usingLemma2 andthefactthat{()) = 4. By

applyingLemma2 we obtainthat

(Pl(ay, ..., a,))

= (T4 IT kP, b))

Ic{1,..,n} i€l

whereb, (1) = |[ = 0if k € Tandbx (1) = —ifk ¢ T
(hencet hasno effectonthediagramandcanbedeleted).
Note that for agiven 7 C {1,...,n}, I # @, thelink
P(bi(1),...,b,(1)) isnothingbut thetrivial link with | 7|
componentsHence

(P(a1,...,an))

= > @A IT ()

DATC{1,..n} €T je{l,. ]\

+ [Tl P(CO))
=[JA%6 + [ad) — [ Jlas] + 6% [ ][]
i=1 i=1 i=1

Similarly, we denoteby (D} the Kauffman bracket
of the diagram D definedthroughthe samerelations(i)
and(ii) but with normalization{( )); = 1. It followsthat
(D) = §(Dy), for everylink diagramD.

Remark 3. Note that (P(ay, ...,
formula

kz:;akq( Z HAal H

rc{1,..,n} €0 €L NI

a,))1 is given by the

aJ)—}—(sHaz

|T|=k
To prove this, we checkthe relation §{P (a1, ..., an))1
={P(a1,...,a,)). Butthisis justtheequality
S Y TIav T lad)+ 62Tl
k=1 Ic{l AAAAA n} iel je{l,AAA7n}\I i=1

:f[(A‘“6+ [a:]) + (67 = 1) f[

i=1 i=1

2. SPAN OF THE JONESPOLYNOMIAL OF
PRETZEL LINKS

If L isanorientedlink, we denoteby V (L) its Jonegoly-
nomial with normalizationV () = —t~'/2 — /2 (see
[2]). RecallthatV (L) = (—A)~3*(P)}(D) afterthesub-
stitution A = ¢+='/*, where D is an orienteddiagramof



L andw(D) is its writhe. It follows that span({D)) =
4span(V (L)).

Remark 4. Recallthat:

(1) For ary permutatiorr of {1, ... n} thetwo link dia-
gramsP(ay, ..., a,) andP(as (1), - - -, Go(ny) aremutants
of eachother and thus their Kauffman bracketsagree.
This alsofollowsfrom theformulain Theoremd.

(2) The spanof the Kauffman bracketis unchangedinder
mirror image.

(3) Any consecutie pair (1, —1) in (ay,...,a,) canbe
cancelledvia thetypell Reidemeistemove.
Definition. For apretzellink diagramP (a1, . .., a,), we

write r for thenumberof entriesa; > 1, s for thenumber
of entriesa; < —1, z for thenumberof entriese; = 0, a
for the numberof entriesa; = 1 and g for the numberof
entriesa; = —1. WealsosetA = a — 3.

Theorem 2. Let P(ay,...,a,) beanunorientedpretzel
diagramof anorientedpretzellink 7., with r, s, z and) as
in theabove definition. Thenwe have thefollowing values
for the spanof the Jonegpolynomial V' (L):

0] Elaz|>1 lai| + z if z>0.

In theremainingcasesve considerz =0.

(i) Z|Gi|>1 la;| —min{l, r+X s—A}+1 if r+A#1and
s—A#£1.

(iil) 3 14,51 lail

(iv) Assumethatr+A = 1, » =1 ands > 1. Assume
in additionthata, > 1, a; < -1 if j € {2,...,n} and
las] <. <lan:

(a)zlal|>1 |a;| —min{ay, |as|—1} if a1 #az|—1.

(b) Z|al|>1 |la;| —min{|az], |ag| -1} if a; =|as|-1
and|az| # |as| -

—1ifr+A=1,r>1lands—A#£1.

() X5 sl ~(JashHl) if a1 = as|-1, |as| = aa|-1
and|as| < |a4|—

(d) X jai>1 lail =las| if ay =las[—1, [as] = |as| -1
and|[13|2|(14|.
(€) X051 il —las| if a1 =las|[—1, [as| =as| -

and|l13| = |(14|—

Proof. We will computespan(V (L)) by just calculating
span({P(a1,...,as))) anddividing by 4. We sete; =
(=1)% for everyi € {a1,...,an}. By Theoreml and
Lemmal we have that

§(P(as,. .., an))

_[A (H((52_1)A4a1 + 1)
i=1 )

andhence

dn+span({P(a1,...,a,)))=span(d”(P(ay, ..., a,)}).

Let B = A% Thené? — 1 = B! + 1 4+ B andwe have
that

2 1)A4a’ + Ei)

H A4a’ +5z )
i=1
=4 spanp (H((B_l + 14 B)B* 4 ¢;)
i=1

+(B™' + 1+ B) [J(-B* +e; ),
i=1

wherespang denoteghe spanin the new variable B. In
therestof theproofwefix ourattentiononthepolynomial

=[[(B"+1+ B)B* +¢))
i=1

kel

+ (B 1+ B) [[(-B™ +=)

i=1

and calculateits spanin the variable B. We denoteby
hr the highest(respectiely by /r the lowest)degree of
[Ti=,((B~" + 1 4+ B)B* + ¢;) andlet hs bethe high-
est(respectiely /s bethe lowest)degreeof (B~1 + 1 +
B)[1/_, (=B + ¢;). Herethe subscripts# and S refer
respectiely to thefirstandsecondsummandsf the poly-
nomial p(B). Let h bethe highest(respectiely [ bethe
lowest) degree of p(B). By definition spang (p(B)) =
h—1, andclearly h = max{hp,hs} if hpr # hs and
{=min{lp,ls}if lp #ls. Thestratgy will bethento cal-
culatehp, lp, hs andls, andwheneer hr = hg to care-
fully look at the possiblecancellation®f the highestde-
greetermsofthesummandf[”’_l(( 1 414+B)B% +¢;)
and(B~' 41+ B) [[i—,(=B* +¢;). Underthehypoth-
esisof thetheorem andls will befoundto bedifferent.

Supposéhatz > 0. Then
= H((B—1 + 14 B)B% +¢;)
i=1

andhence

n

spanp(p(B)) = z:span;;((B_1 + 14 B)B* 4 ¢;)

i=1
= > (al+0)+ D> 1+ > 2

lai|>1 lai]=1 |ai|=0
= Z lai| + 7+ s+2z+a+ 8

|as|>1

|a,|>1

and(i) follows.



Assumenow thatz = 0. We havethefollowingvalues
for hp,lp, hs andlg:

hF:r—}—Zal—}—Za—ﬂ,

a;>1
lp = —s+ Z a; + o —2f
aj<—1
h5:1+za1+a,
a;>1
lg = -1+ Z (1j—/3.
a;j<—1

It followsthenthat

T+Y a1 @t 2a—=p4 if r+A>1
h =

1+Zal>1al+a if r+X<1

_5+Zaj<_1aj+a—2/3 if s=A>1
| =

—1+Zaj<_1aj—ﬂ if s—A<1
and(ii) followsfromtheseequalitiegr+A < 1 ands—A < 1
arenot possiblesimultaneously).

We now prove (iii). Assumer+A =1, » > 1 and
s—A#1. By (1) of Remark4 we cansupposehata; > 1,
I=1,...,randa; < —1,j=r+1,...,r + s. Notefirst
thats—A>1 andhence =—st), . _; a;+o—23. Onthe
otherhandwe have thathr = hg, thehighestdegreeterm
of [Ti=, (B~1+1+ B)B% +52) iSe,41 - erqs B"T and
thehlghestdegreetermof (B~'+1+B) 1, (—B* +

;) iS (=1)"epg1 -+ Ergs (—=1)*(=1)P Bhs. Slncer+)\_
1, thesetermscancelin p(B). Wethenhave to look atthe
seconchighestlegreeterm. Forthesummand[;_, (B!
+1+4 B)B® +¢;) thistermis

'5r+s) RBhr-1

Gr%— a+ B)ergprErgst Z Ergl
'6r+thF_1

ar=—2

=(r+a+pB+deryr -

whered is the numberof entrieSak = —2 (notethate;, =
+1if a = —2), andfor (B=1+ 1+ B) [1i_, (—=B% +¢;)
thistermis

(17 )" 1) g1 s
(a4 A ) ) erp ey ) B

= —(a+ B4+ 1)e41- e, B (asr+A=1).
Sincer > 1, (r—14d)e, 41 - - - £r45 B"* ~ isthehighest
degreetermof p(B). Henceh=r+3 ", ., a; +2a —3—1
and(iii) follows.

Finally we prove (iv). Sincer+A=1,r=1ands> 1t
followsthats —A > 1 andsol = —9+Za _q a5 ta—28.
But asin (iii), we have thathyp = hg andthe termswith
this degreecancel Moreover, otherprevioustermscancel,

too. Thequestionis: “How mary stepsdo we have to go
down in orderto find the first no cancellation?” Recall
thate; = (—1)* foreveryic {1,...,n},a; >1,a; <-1
if j€{2,...,n}and|as|<...<la,|. We haveto add
[I(B™" +1+ B)B* +&)
i=1
=(ey + B™~!' + B™ 4 Bt

(Ba -1 _+_Ba‘7 +Baj+1 +53)

.

<
1l
o

and
(B™'+ 1+ B) [[(-B* + )
i=1

=(B~' 4+ 1+ B)( B‘“H —B% +¢;)

=(e1B™' +¢e1+e1B— B‘“ — B™ — gutlhy
LB +¢).

j=2

It follows (considerthe casea; = 2 separately}thatthe
highestdegreeh of p(B) is (recallthathp = hs = 1 +

Zal>1 ai +O[):
hr —ay if a < |a2| -1,
hp — (laz| = 1) if ag > |as| =1,

hp —las| if a; = |as| — 1 and|as| < |ag| — 1,

hrp —ay if a] = |(1,2| —1 and|(1,2| = |(1,3|,

hp —(las| + 1) if a1 = [as| = 1, |as| = |as| — 1 and

las| < |asq| =1,

hrp — |[22| if a; = |(12| -1, |[22| = |[23| — 1 and

las| = |aal,

hrp — |[23| if a; = |(12| -1, |[22| = |[23| — 1 and
|as| = |as| — 1

and (iv) follows from just rewriting the difference
h—1. O

Remark 5. Remark4 andTheoren? togethemprovide the
value of the spanof the Jonespolynomial V(L) of ary
orientedpretzellink L exceptfor thefollowing cases:

e P(a) with a > 1. Then(P(a)) hasspanzero(see
Remarkl).

e P(a,b) with a > 1 andb < —1 (butthen P(a,b) =
Pla—1,b+1)).

P(by, ..., bg, )withs>Tandb; <—1,j=1,...,s.



Thenwe have that

p(B) = (B + B?) HBb'-1+Bb + Bt 4 g5)

S

- B) H(_B"j +¢5).

j=1

+(B7'+ 14 B)(—

Assumethat thereis no j € {1,...,s} with b; = -2
(if for e<amp|eb = 2, thenP(b1,...,bs_1,bs,1) =
P(bl,.. be_ 1, )) Thenl=1—s+b1+...+ b, if 8;&2
l=b + bg if s=2andh =1 in ary caseandit follows
thatspan({P(b1,...,bs,1)))iS4(b1...—bs —1)if s#£2
anditis4(—b1—by — 2) if s = 2.

e Pla,—a — 1,—a — 2) with a > 1. By expanding
p(B) in Theorem2 we find that

span({P(a,—a—1,—a —2))) = 8aif a # 2
and

span({P(2, -3, —4))) = 12.

Remark 6. Denoteby V; (1) theJonespolynomialof the
orientedink Z with normalizationt; () = 1. Recallthat
Vi(L) = (—A)~*(PN(D), after the substitutionA =
t=1/% whereD is anorienteddiagramof 7. and w(D) is

its writhe. It followsthatV (L) = (—t=/2 —t'/?)V; (L)
for every orientedlink L, andthereforespan(V (L)) =
span(Vi(L)) + 1.
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