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ABSTRACT

In this notewe give a closed-formformulafor theKauff-
man bracketof pretzel links. In particular this formula
allows us to calculatethe spanof the Jonespolynomial
of any pretzellink (compareto partial resultsobtainedin
[1]).
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1. KAUFFMAN BRACKET OF PRETZEL LINKS

In [1], Hara,Tani andYamamotocalculatedthe spanof
the Jonespolynomialof somepretzellinks. In this note
I give a simpleformula for the Kauffmanbracketof any
pretzellink anddeducethespanof theJonespolynomial
of any pretzel link, improving clearly the resultsin the
paperabove mentioned.

Theproofsarequitesimple,requiringbasicallyagood
organizationin carryingthecalculationsandmanipulating
theskeinrelations.

The interestof the paperis to provide the spanof a
large family of Jonespolynomials,other than thoseof
torus links. This hasalreadybeenusedto comparethis
numberwith someboundsin connectionwith the Ben-
nequinnumber.

Given any integers �������������	��
 , we denote by��
 �������������	��
�� thepretzellink diagramshown in Figure1.
Here ��� indicates � ��� � crossings,with “signs” ����� � ��� � if�������� .

Figure1: Pretzellink diagram
��
 � � ����������� 
 � .

� � ��� � 

� �! � � �#" �

$ %�&'$
crossings

For a link diagram( we denoteby )*(�+ its Kauffman
bracketwith normalization) + �-,.�0/21.3 � /41 � (see
[2]). Recallthat )�(�+ is a regular isotopyinvariantof dia-
grams,definedby thefollowing additionalrelations:

(i) ) + �51 ) +76 1 3 � ) + (mainskeinrelation).

(ii) )�(-8 + �5, )�(�+ .
Theauthorwassupportedby a MarieCurieIndividualFellowship.

Here is the diagramof the unknotwith no crossings.
In (i) the formula refersto threelink diagramsthat are
exactly the sameexceptneara point wherethey differ in
theway indicated.In (ii) (98 is a diagramconsisting
of thediagram ( togetherwith an extra closedcurve
that containsno crossingsat all, not with itself nor with( . Fromtheserelationswe candeducetheeffect on )�(�+
of a typeI Reidemeistermove on ( :

(iii) ) + �:/21<; ) +
(iii’) ) + �:/21 3 ; ) +

Definition. Let = ��>?�@� , and for any integer �4��@� , let= � >7ACB = 1ED � > bedefinedby= � >F�51 ��GH G H 3 ; % $ %�$ 3 �IJ�K7L 
 /.M � %ON J N � 1<P J GH G H �
Note that = � > is a Laurentpolynomial in the variable 1 .
Its behaviour remindsthequantumintegers.Clearly = MQ>R�1 3 � , = /.M	>F�51 , andwe have therecurrenceformulas= � >R�51 = � /�MQ> 6 1 3 � 
 /21 3 ; � % 3 � if �  � ,= � >R�51 3 � = � 6 M	> 6 1 
 /21<; � 3 % 3 � if � " � .

In additionwe have the following equality(theproof
is aneasyexercise):

Lemma 1. , = � >7�-/21 % 6 
 /21 3 ; � % .
Lemma 2. ) ��
 �������	� � 3 � �	�S��� � N � �������T� +�U1 % ) ��
 �������	��� 3 ��� � �	��� N ���������T� +*6.= � > ) ��
 ���V���W��� 3 �	����� N ���������T� + �
Proof. If � �-� theformulais trivial since = �X>R�Y� by def-
inition. Let �  � . Weuseinductionon � . Thecase� �9M
follows from (i) andtheequality = M	>?�:1 3 � . Assumethe
resultin thecasesM ����������� /�M . Thenwehave that) ��
 �����	��� � 3 � �	�S��� � N � ��������� +�E1 ) ��
 ��������� � 3 � ��� /�M �	� � N � �������T� +6 1 3 � 
 /Z1 3 ;�� % 3 � ) ��
 ����������� 3 �	����� N ���������T� +

(by (i) and(iii’))�E1 
 1 % 3 � ) ��
 ����������� 3 �	� � ����� N �O�������T� +65= � /�M	> ) ��
 �������	��� 3 ���	��� N ��������� � + �6 1 3 � 
 /Z1 3 ;�� % 3 � ) ��
 ����������� 3 �	����� N ���������T� +
(by hypothesisof induction)



��1 % ) ��
 �������	� � 3 � � � �	� � N � ������� � +6 
 1 = � /�M	> 6 1 3 � 
 /21 3 ;[� % 3 � � ) ��
 �����\����� 3 �V�	��� N �'�������� +��1 % ) ��
 �������	��� 3 ��� � �	��� N ��������� � +6-= � > ) ��
 �������]��� 3 ���	��� N ��������� � + �
thelastequalitysince = � >^�:1 = � /_MQ> 6 1 3 � 
 /21 3 ; � % 3 �
if �  � .
For � " � we useinduction on � � � . The case � �`/.M
follows from (i) andtheequality = /.M	>a�01 . Assumethe
resultin thecases/.M ���������	� 6 M and(exercise)proceedas
in case�  � , using(iii) insteadof (iii’).

Remark 1. Notethat ) ��
 ��� + ��1 % ) ��
 � � +b6c= � > ) + �1 % , 6d= � >', � �c, 
 /21 3 ; � % , the lastequalityby Lemma1.
Of course,this agreeswith thefact that

��
 ��� is thetrivial
knotwith � � � kinks,negativekinksif �  � , positivekinks
if � " � .
Lemma 3. ) ��
 �������	�S� � � + � 
 1 % , 65= � > � ) ��
 ������� � � + .
Proof. We have that) ��
 �����\���S� � � +�E1 % ) ��
 ������� � � � � +�6�= � > ) ��
 ������� � � + (by Lemma2)�E1 % , ) ��
 ������� � � +�65= � > ) ��
 ������� � � + (by (ii))� 
 1 % , 6-= � > � ) ��
 ������� � � + �
Theorem1. TheKauffmanbracketof thepretzellink dia-
gram

��
 �������������	��
�� is givenby theformula) ��
 � � �������]��� 
 � + � 
e� K � 
 1 % & , 6-= � � > � 6 
 , � /fM � 
e� K � = � � > �
Proof. By inductionon g . If g �hM thenwe have ) ��
 ��� +�i, 
 /21 3 ; � % by Remark1, andthis is equalto


 1 % , 6= � > � 6 
 , � /�M � = � >R��, 
 1 % 6 , = � > � by Lemma1.

Assumenow thecasesM ��������� g /jM . We have that) ��
 ���X���������	��
�� +��1 %�k ) ��
 ����������������
 3 �W� � � +76-= ��
 > ) ��
 ���O������������
 3 ��� +
(by Lemma2)��1 %�k 
 1 %XkOl�m , 6-= ��
 3 � > � ) ��
 �������������	��
 3 � � � � +6-= ��
 > ) ��
 �������������	��
 3 �*� + �

thelastequalityby Lemma3. Now we applythehypoth-
esisof induction and the fact that = ��>n�o� to obtain the
following:) ��
 �������������	��
�� +�n1 %�k 
 1 %�kOl�m , 6�= � 
 3 � > � , 
 3 �eJ�K � 
 1 %	p , 6�= � J > �65= � 
 > 
 
 3 �eqXK � 
 1 %Or , 65= � q > � 6 
 , � /jM � 
 3 �eq�K � = � q > �� 
e� K � 
 1 %X& , 6Y= � � > � 6 
 , � /�M � 
e� K � = � � > �

Remark 2. We will usethe formula in Theorem1 (pre-
sentingtheKauffmanbracketof a pretzellink asthesum
of two products)for obtainingthespanof theJonespoly-
nomialof any pretzellink. This formulacanbe obtained
directlyby usingLemma2 andthefact that ) + �5, . By
applyingLemma2 we obtainthat) ��
 � � �������	�	� 
 � +� Is�tFu �	vTwTwTw v 
�x y e �[z s 1 %�& eJ z u �	vTwTwTw v 
bxJ�{z s = � J > ) ��
}| � 
[~ ����������� | 
 
}~ �W� +��
where

| q 
}~ � � �9� if � A ~ and
| q 
[~ � � if � �A ~

(henceit hasnoeffectonthediagramandcanbedeleted).
Note that for a given

~d��� M �������]� g�� , ~ ���� , the link��
}| � 
}~ ����������� | 
 
}~ �W� is nothingbut thetrivial link with � ~ �
components.Hence) ��
 �����������	����
�� +� I���KSs�tFu �	vTwTwTw v 
�x 
 , $ s $ e�[z s 1 % & eJ z u �	vTwTwTw v 
�x	� s = � J > �6 
e� K � = ��� > ) ��
 � +� 
e� K � 
 1 %�& , 6-= ��� > � / 
e� K � = ��� > 6 , � 
e� K � = ��� >� 
e� K � 
 1 %�& , 6-= � � > � 6 
 , � /�M � 
e� K � = � � > �

Similarly, we denoteby )�(�+ � the Kauffman bracket
of the diagram ( definedthroughthe samerelations(i)
and(ii) but with normalization) + � ��M . It followsthat)�(�+ �5, )�(�+ � for every link diagram( .

Remark 3. Note that ) ��
 � � ���������	� 
 � + � is given by the
formula
IqXK � , q 3 � y Is�t7u �	vTwTwTw v 
bx$ s $ KSq

e�[z s 1 %�& eJ z u �	vTwTwTw v 
�x�� s = � J > � 6 , 
e� K � = ��� > �
To prove this, we check the relation , ) ��
 �����������	�	��
�� + �� ) ��
 � � �������	��� 
 � + . But this is just theequality
IqXK � , q y Is�tFu �	vTwTwTw v 
�x$ s $ KSq

e�}z s 1 % & eJ z u �	vTwTwTw v 
bx	� s = � J > ��6 , � 
e� K � = � � >
� 
e� K � 
 1 %�& , 6�= ��� > � 6 
 , � /fM � 
e� K � = ��� > �

2. SPAN OF THE JONESPOLYNOMIAL OF
PRETZEL LINKS

If � is anorientedlink, wedenoteby � 
 � � its Jonespoly-
nomialwith normalization� 
 � �i/�� 3 � { � /4� � { � (see
[2]). Recallthat � 
 � � � 
 /21 � 3 ;	���V�a� )�(�+ after thesub-
stitution 1���� 3 � { P , where ( is an orienteddiagramof



� and � 
 ( � is its writhe. It follows that �]� � g 
 )�(�+ � �� �W� � g 
 � 
 � �]� .
Remark 4. Recallthat:

(1) For any permutation� of
� M �������	� g�� thetwo link dia-

grams
��
 � � �������W�	� 
 � and

��
 ��� � � � �������]����� � 
 � � aremutants
of eachother, and thus their Kauffman bracketsagree.
Thisalsofollowsfrom theformulain Theorem1.

(2) Thespanof theKauffmanbracketis unchangedunder
mirror image.

(3) Any consecutive pair

 M � /nM � in


 � � �������	��� 
 � canbe
cancelledvia thetypeII Reidemeistermove.

Definition. For a pretzellink diagram
��
 � � �������	�	� 
 � , we

write   for thenumberof entries� �� M , � for thenumber
of entries� �!" /.M , ¡ for thenumberof entries� � �d� , ¢
for thenumberof entries� � ��M and £ for thenumberof
entries� � �-/.M . Wealsoset ¤ � ¢ / £ .

Theorem 2. Let
��
 �����������	����
�� be an unorientedpretzel

diagramof anorientedpretzellink � , with   , � , ¡ and ¤ as
in theabovedefinition.Thenwehavethefollowingvalues
for thespanof theJonespolynomial � 
 � � :
(i) ¥ $ %�&'$T¦ � � ��� �O6§¡ if ¡  � .

In theremainingcaseswe consider¡ �¨� .
(ii) ¥ $ % & $T¦ � � ��� � /<©Uª�« � M �  �6.¤ � � / ¤7��6 M if  �6.¤ ��¬M and� / ¤ ��¬M .
(iii) ¥ $ %�&­$T¦ � � ��� � /�M if  �6�¤ �¬M ,    M and � / ¤ ��¬M .
(iv) Assumethat  �6C¤ �®M ,   �@M and �  M . Assume
in addition that � �� M , � J " /¯M if ° A �X± ��������� g�� and� ��� ��² ����� ²³� � 
 � :

(a) ¥ $ % & $T¦ � � ��� � /´©Uª�« � ����� � � � � /µM � if ���¯�� � � � � /µM .
(b) ¥ $ %�&'$T¦ � � � � � /.©¶ª�« � � ��� � � � � ; � /¶M � if � � � � ��� � /¶M

and � �b� � �� � � ; � /�M .
(c) ¥ $ % & $T¦ � � ��� � / 
 � � ; � 6 M � if ��� � � � � � /#M , � � � � � � � ; � /#M

and � � ; � " � � P � /�M .
(d) ¥ $ %�&'$T¦ � � ��� � / � � � � if ��� � � � � � /¶M , � � � � � � � ; � /¶M

and � � ; � � � � P � .
(e) ¥ $ % & $T¦ � � � � � / � � ; � if � � � � �b� � /¶M , � �b� � � � � ; � /¶M

and � � ; � � � � P � /�M .
Proof. We will compute�W� � g 
 � 
 � �W� by just calculating�]� � g 
 ) ��
 �����������	����
�� + � anddividing by

�
. We set · � �
 /.M � % & for every ¸ A � �����������	�	��
 � . By Theorem1 and

Lemma1 wehave that, 
 ) ��
 ���X�������]����
�� +� 
e� K � 1 3 ; % &b¹ 
e� K � 
]
 , � /µM � 1 P % & 6§· ���6 
 , � /µM � 
e� K � 
 /�1 P % & 6c· �W� º

andhence� g26»�W� � g 
 ) ��
 � � �������	�	� 
 � + � � �W� � g 
 , 
 ) ��
 � � �������	��� 
 � + �O�
Let ¼ �d1 P . Then , � /_ME� ¼ 3 � 6 M 6f¼ andwe have
that�]� � g 
 , 
 ) ��
 �����������	�	��
�� + �� �]� � g ¹ 
e� K � 
W
 , � /jM � 1 P % & 6§· �*�6 
 , � /�M � 
e� K � 
 /21 P % & 6§· � � º� � �W� � gS½ ¹ 
e� K � 
]
 ¼ 3 � 6 M 6§¼ � ¼ % & 64· �W�6 
 ¼ 3 � 6 M 6¾¼ � 
e� K � 
 / ¼ % & 6§· � � º �
where �W� � g ½ denotesthespanin thenew variable ¼ . In
therestof theproofwefix ourattentiononthepolynomial� 
 ¼ � � 
e� K � 
W
 ¼ 3 � 6 M 6f¼ � ¼ %�& 6c· �*�6 
 ¼ 3 � 6 M 6f¼ � 
e� K � 
 / ¼ %�& 64· � �
andcalculateits spanin the variable ¼ . We denoteby¿�À

the highest(respectively by Á À the lowest)degreeofÂ 
� K � 
W
 ¼ 3 � 6 M 6�¼ � ¼ %�& 6_· �*� andlet
¿SÃ

be thehigh-
est(respectively Á Ã bethe lowest)degreeof


 ¼ 3 � 6 M 6¼ � Â 
� K � 
 / ¼ % & 6§· ��� . HerethesubscriptsÄ and Å refer
respectively to thefirst andsecondsummandsof thepoly-
nomial � 
 ¼ � . Let

¿
be the highest(respectively Á be the

lowest)degreeof � 
 ¼ � . By definition �]� � gS½ 
 � 
 ¼ �W� �¿ / Á , and clearly
¿ �i©¨Æ�Ç � ¿�À � ¿RÃ � if

¿�À �� ¿SÃ
andÁ �U©Uª�« � Á À � Á Ã � if Á À �� Á Ã . Thestrategy will bethento cal-

culate
¿ À

, Á À ,
¿ Ã

and Á Ã , andwhenever
¿ À � ¿ Ã to care-

fully look at thepossiblecancellationsof thehighestde-
greetermsof thesummands

Â 
� K � 
W
 ¼ 3 � 6 M 6´¼ � ¼ %�& 6�· � �
and


 ¼ 3 � 6 M 6C¼ � Â 
� K � 
 / ¼ %�& 6»· � � . Underthehypoth-
esisof thetheoremÁ À and Á Ã will befoundto bedifferent.

Supposethat ¡  � . Then� 
 ¼ � � 
e� K � 
]
 ¼ 3 � 6 M 6f¼ � ¼ %X& 6¾· �*�
andhence�]� � g ½ 
 � 
 ¼ �W� � 
I � K � �]� � g ½ 
]
 ¼ 3 � 6 M 6¾¼ � ¼ % & 6¾· � �� I$ %�&­$T¦ � 
 � ��� �O6 M � 6 I$ %�&'$ K � M 6 I$ %X&'$ K7L ±� I$ % & $T¦ � � ��� �	6f �6¾��6 ± ¡26¾¢U6§£� I$ % & $T¦ � � � � �	6fgÈ6f¡
and(i) follows.



Assumenow that ¡ �Y� . Wehavethefollowingvalues
for
¿ À

, Á À ,
¿ Ã

and Á Ã :¿�À �  �6 I%�É'¦ � ��Ê 6 ± ¢ / £ �Á À �:/ �a6 I%	p	Ë 3 � � J 6f¢ / ± £ �¿RÃ �0M 6 I%OÉ­¦ � ��Ê 6f¢ �Á Ã �:/.M 6 I%	p	Ë 3 � � J / £ �
It followsthenthat¿ �ÍÌÎ Ï  �6 ¥ %OÉ­¦ � � Ê 6 ± ¢ / £ ª\Ð  �6f¤  MM 6§¥ % É ¦ � ��Ê 6f¢ ª\Ð  �6f¤ " M
and

Á �ÑÌÎ Ï / ��6 ¥ %Qp	Ë 3 � � J 6f¢ / ± £ ª\Ð � / ¤  M/nM 6 ¥ %	p	Ë 3 � � J / £ ª\Ð � / ¤ " M
and(ii) followsfrom theseequalities(  *6�¤ " M and � / ¤ " M
arenot possiblesimultaneously).

We now prove (iii). Assume  �6C¤ �iM ,    M and� / ¤ ��¬M . By (1) of Remark4 we cansupposethat ��Ê  M ,Á �fM �������W�   and � J " /¯M , ° �  26 M �������	�  a6�� . Notefirst
that � / ¤  M andhenceÁ �Ò/ �}6 ¥ % p Ë 3 � � J 6�¢ / ± £ . Onthe
otherhandwe have that

¿�À � ¿SÃ , thehighestdegreeterm
of
Â 
� K � 
W
 ¼ 3 � 6 M 6�¼ � ¼ % & 6Ó· �*� is ·�Ô N �#Õ�Õ�Õ ·�Ô N7Ö ¼.×�Ø and

thehighestdegreetermof

 ¼ 3 � 6 M 64¼ � Â 
� K � 
 / ¼ % & 6· �*� is


 /.M � Ô ·�Ô N ��Õ�Õ�Õ ·�Ô N7Ö 
 /nM �WÙ 
 /.M ��Ú ¼ ×�Û . Since  �6�¤ �M , thesetermscancelin � 
 ¼ � . Wethenhave to look at the
secondhighestdegreeterm.For thesummand

Â 
� K � 
W
 ¼ 3 �6 M 6f¼ � ¼ % & 6c· �*� this termis¹ 
  �6j¢U64£ � · Ô N � Õ�Õ�Õ · Ô N7Ö 6 I% r K 3 � · Ô N � Õ�Õ�Õ · Ô N7Ö º ¼ ×�Ø 3 �� 
  �6f¢¶64£¶6fÜ � ·�Ô N ��Õ�Õ�Õ ·�Ô N7Ö ¼ × Ø 3 �
where Ü is thenumberof entries� q �:/ ± (notethat · q �6 M if � q �:/ ± ), andfor


 ¼ 3 � 6 M 6¶¼ � Â 
� K � 
 / ¼ % & 6�· ���
this termisy 
 /¯M � Ô 
 /¯M � Ù 
 /¯M � Ú ·�Ô N �#Õ�Õ�Õ ·�Ô N7Ö6 
 ¢U6§£ � 
 /¯M � Ô 
 /¯M � Ù 
 /¯M � Ú ·�Ô N �ÝÕ�Õ�Õ ·�Ô N7Ö �¯¼ × Ø 3 ��d/ 
 ¢U6§£¶6 M � · Ô N � Õ�Õ�Õ · Ô N7Ö ¼ ×�Ø 3 � 


as  �6�¤ �¬M �O�
Since   M , 
   /»M 6¶Ü � ·�Ô N ��Õ�Õ�Õ ·�Ô N7Ö ¼ × Ø 3 � is thehighest
degreetermof � 
 ¼ � . Hence

¿ �  �6 ¥ %OÉ­¦ � � Ê 6 ± ¢ / £ /�M
and(iii) follows.

Finally weprove(iv). Since 	6�¤ �¬M ,   �¬M and �  M it
followsthat � / ¤  M andso Á �Ò/ �R6�¥ %	p	Ë 3 � � J 6<¢ / ± £ .
But asin (iii), we have that

¿�À � ¿SÃ andthe termswith
thisdegreecancel.Moreover, otherprevioustermscancel,

too. Thequestionis: “How many stepsdo we have to go
down in order to find the first no cancellation?” Recall
that · � � 
 /.M � % & for every ¸ A � M �������	� g�� , ���  M , � J " /¯M
if ° A �X± �������V� g�� and � � � ��² ����� ²³� ��
 � . We have to add
e� K � 
]
 ¼ 3 � 6 M 6j¼ � ¼ %�& 64· ���� 
 · � 6¾¼ %�m 3 � 6¾¼ %Xm 6f¼ %�mWN � �Õ 
eJ�K � 
 ¼ %	p 3 � 6¾¼ %	p 6¾¼ %	p�N � 6§· J �
and
 ¼ 3 � 6 M 6§¼ � 
e� K � 
 / ¼ % & 6¾· �*�� 
 ¼ 3 � 6 M 6f¼ � 
 · � / ¼ %Xm � 
eJ�K � 
 / ¼ %	p 6§· J �� 
 · � ¼ 3 � 64· � 6§· � ¼ / ¼ % m 3 � / ¼ % m / ¼ % m N � �Õ 
eJ�K � 
 / ¼ % p 6§· J �O�
It follows (considerthe case��� � ±

separately)that the
highestdegree

¿
of � 
 ¼ � is (recall that

¿�À � ¿SÃ �iM 6¥ % É ¦ � ��Ê 6f¢ ):¿�À / ��� if ��� " � � � � /_M ,¿ À / 
 � ��� � /�M � if � �2 � ��� � /fM ,¿ À / � ��� � if � � � � ��� � /�M and � ��� � " � � ; � /jM ,¿�À / ��� if ��� � � � � � /_M and � � � � � � � ; � ,¿ À / 
 � � ; �	6 M � if � � � � ��� � /jM , � ��� � � � � ; � /jM and� � ; � " � � P � /fM ,¿�À / � � � � if ��� � � � � � /@M , � � � � � � � ; � /ÞM and� � ; � � � � P � ,¿�À / � � ; � if ��� � � � � � /@M , � � � � � � � ; � /ÞM and� � ; � � � � P � /fM
and (iv) follows from just rewriting the difference¿ / Á .
Remark 5. Remark4 andTheorem2 togetherprovidethe
valueof the spanof the Jonespolynomial � 
 � � of any
orientedpretzellink � exceptfor thefollowing cases:ß ��
 ��� with �  M . Then ) ��
 ��� + hasspanzero(see
Remark1).ß ��
 �R� | � with �  M and

| " /¯M (but then
��
 �S� | � ���
 � /�M � | 6 M � ).ß ��
}| ���������	� | Ö � M � with �  M and

| J " /¯M , ° �¬M �������W� � .



Thenwe have that� 
 ¼ � � 
 ¼56¾¼ � � ÖeJ�K � 
 ¼Eà p 3 � 6¾¼Eà p 6f¼Eà pWN � 64· J �6 
 ¼ 3 � 6 M 6f¼ � 
 /.M2/ ¼ � ÖeJ�K � 
 / ¼nà p 64· J �O�
Assumethat there is no ° A � M �������]� �á� with

| J �o/ ±
(if for example

| Ö �i/ ± , then
��
[| ���������W� | Ö 3 ��� | Ö � M � ���
}| ���������	� | Ö 3 ��� ± � ). Then Á �¬M�/ ��6 | � 6 ����� 6 | Ö if � �� ± ,Á � | � 6 | � if � � ± and

¿ �¾M in any case,andit follows
that �]� � g 
 ) ��
}| �X�������	� | Ö � M � + � is

�S
 / | ������� / | Ö /¾M � if � �� ±
andit is

�S
 / | � / | � / ± � if � � ± .ß ��
 �S� / � /âM � / � / ± � with �  M . By expanding� 
 ¼ � in Theorem2 we find that�]� � g 
 ) ��
 �R� / � /fM � / � / ± � + � �Yã � if �»�� ±
and �]� � g 
 ) ��
[± � /åä � / � � + � �dM ± �
Remark 6. Denoteby � � 
 � � theJonespolynomialof the
orientedlink � with normalization� � 
 � � �dM . Recallthat� � 
 � � � 
 /21 � 3 ;	���V�a� )*(�+ � after the substitution 1æ�� 3 � { P , where ( is anorienteddiagramof � and � 
 ( � is

its writhe. It followsthat � 
 � � � 
 /�� 3 � { � /¬� � { � � � � 
 � �
for every orientedlink � , and therefore�]� � g 
 � 
 � �W� ��W� � g 
 � � 
 � �W� 6 M .
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