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ABSTRACT

Statistical methods can be applied to analysis of Neu-
ral Networks to come up with on-average results for ro-
bustness, capacity, and generalisation in the presence of
certain network architectures and data distributions.

In particular, the dynamics of generalization and learn-
ing of the Adaline training algorithm are calculated for
correlated patterns. Modified algorithms are derived which
restore the characteristic times found for uncorrelated pat-
terns. For the most complex of single–layer networks,
the perceptron with threshold and biased pattern outputs,
a maximally stable solution is algorithmically obtained.
The investigation of its generalization ability shows that
this network is superior to existing ones. The discussion
is extended to unlearnable data, introducing refined algo-
rithms and showing the training and generalization char-
acteristics. In multilayer networks, upper bounds to the
storage capacity are calculated. A lower bound is obtained
as well which leads to modest expectations with regard to
the performance of algorithms in these architectures.

1. INTRODUCTION

Artificial Neural Networks have become a popular tool
in Computer Science. They serve as classificators for a
wide variety of data, from signal processing to stock fore-
casts or dna sequencing. Neural networks are typically
trained in a supervised fashion from sample data in order
to obtain their classification power. However, very little
is known about the robustness of training algorithms (e.g.
w.r.t. data outliers), about their capacity (i.e. number of
data which can be correctly mapped in training) and, most
importantly, about their generalisation ability, i.e. their
performance when classifying unknown data. This holds
even for the simplest of network architectures and/or data
distributions. Some worst-case theorems exist for those
questions.

The past witnesses four consecutive cycles of enthusi-
asm and scepticism in the field of neural network models.
For the first time in the 40’s, McCulloch and Pitts [18] de-
scribed a model of neural information processing which
was used by Hebb [12] who opened the field to theoret-
ical treatment. They obtained initial but far–reaching re-
sults, triggering a wave of interest into this new scheme.

In the 60’s, at the time of the proof of the famous Percep-
tron training algorithm by Rosenblatt [28], artificial in-
telligence was a much (over–)used word. First successes
were being reported, until the equally famous denouement
of Perceptron training by Minsky and Papert [20] brought
that period to an untimely end. For a third time in the
80’s, the theoretical window opened by Hopfield [13] as
well as Rumelhart and McClelland’s backpropagation al-
gorithm [30] ushered the modern and still ongoing area
of multilayer networks. The fourth step being ongoing,
neural networks are about to overcome their serious lack
of generalisation by introducing Vapnik’s theory of Struc-
tural Risk Minimisation into the training algorithms [31].

How can we try to understand neural networks from
a point of view of statistics, and what are the methods
needed to achieve it?

In the case of analysing algorithms and predicting the
possible features of a given architecture, one makes use of
the analogy between statistical mechanics and neural net-
works. The closest mathematical analogy is found in solid
state physics for spin–glasses [16]. In neural networks the
“spins” are the predefined (fixed, quenched) patterns, and
one investigates the dynamics of the couplings. Most effi-
ciently, one may calculate the volume in the phase–space
of couplings available for a given set of patterns under the
constraint of learned systems. This method has been in-
troduced by Gardner [11], its principle is illustratated for
one example below in eq. (18). Statistical Mechanics has
served to obtain storage capacities, learning times, internal
potential distributions, basins of attraction and generaliza-
tion abilities and it shines light on the role of noise and of
diluting the synaptic connections.

How do we know that our algorithms really converge,
and where they converge to? This is the realm of math-
ematical proofs, in particular the use of optimization the-
ory. In sections 3 and 4, new training algorithms for par-
ticular input data and for maximally stabilised storage are
derived and proven. We find that what is described in neu-
ral network terms is indeed just a special case of multi-
dimensional cluster separation. Therefore algorithms can
be geometrically understood, and they have much wider
applications than the training of neural networks alone.

Can multilayer networks be trained and analysed by
the same methods? Here we face a serious difficulty in
that algorithms used for single–layer networks cannot be
simply rewritten for multilayer nets. However, it is also
known that training algorithms like backpropagation work



well in these architectures. Trying to combine these facts,
one finds that the correct definition of internal pattern rep-
resentations in the hidden layers of the network allows us
in section 5 to calculate what amount of information could
be stored in a multilayer network. This calculation can
be performed without knowing how to bring about the re-
quired internal representations in an algorithmic way. On
the other hand, we may use the same technique to give
a lower bound on what to expect from algorithms irre-
spective of their design. The methods used here are again
very different from the ones we used before. The results
are obtained by way of counting the number of Boolean
internal representations as well as the number of possi-
ble dichotomies of a single hidden neuron’s input space.
Both results are then combined in a probabilistic fashion.
This shows the application of three different methods at
the same time.

We shall see that our results are dependent on the pat-
tern statistics, namely the correlations between patterns.
Therefore, we will consider biased patterns in all subse-
quent cases, either imposed directly on the patterns or in-
directly via a biased teacher network. The difference to
analysis with uncorrelated patterns is a major outcome of
the research presented here: correlations enforce modified
training algorithms, produce higher generalization ability
and govern storage capacities in multilayer networks.

2. NEURAL NETWORKS

We shall now look at the general model used throughout
for the description of neural networks.

The term “neural network” as well as the term “neu-
ron” is obviously taken from the biological equivalent.
The simplest model of a neuron which neurophysiology
provides is that of a linear threshold unit which works as
follows [15]. Over a certain interval of time, the neuron in-
tegrates (adds) all pulses �j(t) sent from previous neurons.
The pulses are transmitted in an electrochemical way via
so–called synapses which link different neurons. These
synapses are more or less effective: their pulses are trans-
mitted at a certain speed and with a certain loss of ampli-
tude. In a crude fashion, this effectivity can be described
by a synaptic strength Jij which is a factor multiplying
the total pulse sent from neuron j in a certain time inter-
val, the product then is the total pulse arriving at neuron
i. In general, Jij 6= Jji since the synapses are directed
bonds.

The sum of the pulses from previous neurons j, graded
by the synaptic strengths Jij , arriving at neuron i in a cer-
tain time interval is called activation. Due to this activa-
tion, the postsynaptic neuron i can now flip into a certain
state �i(t). If the activation exceeds a certain threshold
value Ti, the neuron i will be active or firing, otherwise it
will remain quiescent, which can mathematically be mod-
elled by a threshold function, e.g. sign. After some time
delay, this neuron state will be transmitted on to other neu-
rons which react in the same fashion:

�i(t+ 1) = sign

0
@�Ti + 1p

N

NX
j=1

Jij�j(t)

1
A (1)

With this neuron model, we may describe autoasso-
ciative and feedforward networks. In autoassociative net-
works, all neurons are connected to each other, forming a
grid. The function of the connections is to embed certain
stable configurations (”maps”) within this grid. Due to
neural activity, perturbed versions of those configurations
will relax into the closest embedded map. This is very
useful e.g. for image reconstruction. In contrast, feed-
forward networks are classifiers. The information at the
neural input layer is ”fed forward” through zero or more
intermediate layers into outputs which are specified ac-
cording to some classification scheme. This is very useful
in decision making of any kind, e.g. control applicatons
or options assessments.

In feedforward networks, it is helpful to have some
further notations in order to keep layers separate. A gen-
eral model with N neurons in the input layer may then
look as in figure 1, where the “dots” represent the neu-
ron’s information transfer given by eq. (1).

Figure 1: Feedforward Neural network with input layer
(�j), hidden layer (vk) and output layer (�i). The synaptic
strengths are given by Jkj in the first layer and bywk in the
output layer.

We will consider here the particular mode of super-
vised learning. A teacher provides the student with p input
configurations or patterns �� and the corresponding de-
sired outputs or targets ��. The student network is to learn
these mappings by adjusting its interior synaptic strengths
or weights. Mathematically, this can happen through an
explicit computation of the weights, see e.g. section 3.
This calculation is rather intricate. It is however desirable
from a biological point of view to have local, mathemat-
ically easy and iterative procedures of learning. This is
achieved by repeated presentation of the set of patterns
and outputs to the student net which adapts its weights in
an algorithmic fashion.

One can impose further requirements on the student
network. It can be asked to learn the patterns with max-
imum margin, i.e. maximum distance of the activation
from the threshold. If the teacher’s outputs are drawn ac-
cording to a certain rule, the student may as well be asked
to learn with maximum generalization ability, this is with
maximum probability of obtaining the output to an arbi-
trarily selected pattern correctly. And finally, the student



may be asked to find a threshold independently which sat-
isfies these requirements optimally. This most complex
task in single–layer learning is investigated in section 4.

An additional complexity arises in multilayer networks.
Here the states of the neurons in the hidden layers are not
given by the teacher. We shall call these states internal
representations fv�k g, use of that concept will be made
extensively in section 5. Obviously, the student has to iso-
late proper internal representations in order to store the
teachers example patterns.

3. ADALINE LEARNING

The eqns. 1 are solved for nodes without threshold for a
weight vector J and a given set ofN–dimensional patterns
f�

1
; : : : ; �

p
g and corresponding outputs (“targets”), if

�� J � �� = 1 ; (� = 1 : : : p) ; (2)

i.e. activation J � �
�

and desired output �� must have
the same sign for all patterns according to eq. 1. This is
sufficient but not necessary; necessary conditions will be
given in section 4. The set of p linear equations (2) can
be solved exactly if p � N . One therefore defines the ca-
pacity of a network by � = p=N , i.e. the number of pat-
terns per input dimension which can be correctly stored.
For � < 1, eqns. (2) are underdetermined. One may
then choose the solution with minimum norm jJj which
is known as the pseudoinverse and given as follows [25]:
Denote the pattern matrix S by (S)�j = (����)j , and a p–
dimensional vector 1 with all elements 1, then satisfying
(2) is performed with an ansatz (3), yielding:

J = S � x (3)

1 = S
T � J = S

T � S � x ; (4)

J = S � (ST � S)�1 � 1 : (5)

The pseudoinverse solution has the advantage that it
lives exclusively in the space spanned by the patterns them-
selves, hence any ”noise” in the null space perpendicular
to the patterns will be ignored. This makes the neural net-
work robust against noise.

Under a neural training paradigm, we would like iter-
ative solutions as stated above. There are (at least) three
other reasons for iteration:
1. Direct computation as in eq.(5) requires O�N2

�
opera-

tions
2. For � > 1, the pseudoinverse solution does not exist.
3. There is no intermediate ”approximate” solution before
all calculations are finished.
We would therefore like to have one iteration procedure
for any �, which for � > 1 should reach a measurable ac-
curacy of eqns. (2), for � � 1 converge to the pseudoin-
verse solution, and which in all cases should requireO(N)
operations regardless of the pattern statistics. The latter
point is crucial in case of correlated patterns, as we shall
see shortly. This iteration procedure is called the ”Adaline
Algorithm” [38].

The idea is to minimize the quadratic error E of the
mappings E� of all patterns:

E� = 1� ��J � �� ; E =
X
�

E2

� (6)

by gradient descent �J = � 

N

grad
J
E with positive gain

parameter 
. This gives

�J(t) =



N

X
�

E�(t)���� (7)

Starting with J(t = 0) = 0, after T iteration steps the
weight vector is given by

J(T ) =
X
�

x�(T )���� with x�(T ) =



N

TX
t=1

E�(t)

which is of the same structure as eq. (3). The x�(T ) are
called embedding strengths, since they describe the con-
tribution of pattern �

�
to the Adaline solution J(T ) . It

has been shown ([7], [33]) that for capacities � � 1 Ada-
line converges to the Pseudoinverse solution, for � > 1 it
reaches the global minimum of eq. (6).

This leaves us with showing that Adaline is ”fast”, as
required. It has been shown in [33] that the error E of the
mappings, eq. (6), decays as

E(t) = E(1) + E(0) exp(�t=�) ; (8)

whereE(1) is the best possible error (= 0 for� � 1) and
� is the characteristic error decay time or, shorter, learn-
ing time. It can be minimized by choosing a suitable gain
factor 
 which depends on the pattern correlations. Using
methods which are equivalent to minimizing the Free En-
ergy in Statistical Mechanics, it has been shown in [7] that
for unbiased distribution of patterns, the optimal choice is


opt = (1 + �)�1; �min =
1

2 ln
�
1+�
2
p
�

� (9)

For � ! 0 or � ! 1, � ! 0 since either few patterns
have to be learnt (� ! 0) or so many (� ! 1) that
patterns quasi-homogeneously fill the entire space, hence
E(1) is extremely high and has almost the same value
everywhere, which is found quickly by Adaline training.
Eq. (9) shows that learning times are of order � = O(1),
hence a required high accuracy E(t) � E(1) of order
O(exp(�N � const:)) can be reached with O(N) many
steps.

However, these encouraging results do not hold any
more for correlated patterns [33] since then these correla-
tions sum up over training, resulting in � = O(N). Let us
model correlations through a set of training patterns each
of which has the bias

m� =
1

N

NX
j=1

�
�
j : (10)

The average correlation between patterns is then C =
1

p2

Pp
�=1

Pp
�=1m�m� . It was shown in [34] that two

modifications to the Adaline algorithms will restore the
unbiased results. Define a vector 1 with all components
equal to 1, then



1. Let �~J(t) = 

N

P
�E�(t)��

�
�
�
�m�1

�
2. Let ~
 = 
unbiased=(1� C)
In other words, the updates of J are taken from artificial
patterns with their biased removed, and the gain factor has
to be corrected for the correlations. With these modifica-
tions, the results eq (9) are restored. Derivations of con-
vergence are given in [34], and the optimality of learn-
ing time was again derived using methods from Statistical
Mechanics in [33].

Let us now look at the generalization ability G(t) if
the Adaline algorithm is used to train the neuron with p =
�N many examples �� whose outputs �� are given by a
teacher network B according to the rule

�� =
1p
N

NX
j=1

Bj�
�
j : (11)

The generalization ability G is defined as the proba-
bility that, after learning, the student’s answer So� to any
question S� is given correctly (So� = ��), i.e. in accor-
dance with the teacher’s rule. Defining a threshold func-
tion �(x) = f0(x < 0) ; 1(x � 0)g, we can write:

G(U; �) =
1

2p N

X
fS�

j
=�1g

�
�
�� S

o
�

�
(12)

With the normalization B2 = N , and the bias of B
(the “teacher bias”) ~B = 1

N

P
iBi, one obtains [33] with

methods again derived from Statistical Mechanics, for all
pattern distributions:

G

����
m=0;t=1

= 1� (1� �) ��(1� �) (13)

G

����
m6=0;t=1

= 1�
h
1� ~B2

i
(1� �) ��(1� �) (14)

Note that generalization is better in the case of teacher
bias. However, this can only be achieved if the patterns
themselves are biased (m 6= 0). The explanation is that
the student network has to positively correlate patterns
with the weight vector, this is only possible if the pat-
terns are biased or (!) if the student network has an ad-
justable threshold. We will study the latter in section 4.
For � > 1, generalisation is perfect. This is a conse-
quence of the teacher network having the same structure
as the student network. This structure being linear, it can
be fully ”detected” by the student after p = N lin. indep.
examples.

As for dynamics, chosing 
 as in eq. 9 is optimal for
generalisation as well, and gives exactly the same decay
times for the generalization as for the training error [33].

In summary, we have been able to provide fast and
accurate algorithms for any pattern distribution, using sta-
tistical methods. We optimally exploit bias in our formu-
lae for fast training and generalisation, and for high gen-
eralisation ability. Altogether, we have given new tools
for optimal application of the Adaline algorithm, which
in numerical mathematics is equivalent to a Gauss-Jordan
procedure and therefore still is very popular.

4. PERCEPTRON LEARNING

Adaline learning as described above has the nice feature
that it is a linear procedure, and closed solutions are avail-
able hence.

However, one might ask for solutions which maximize
the margin between different output clusters. This is es-
pecially interesting since it has been shown that margin
maximization is required for a much more powerful class
of networks called support vector machines [31].

In this case, one might resort to optimization–theoretic
methods [10]. In this context, learning might as well be
defined as a linear or quadratic programme. However,
these calculations are nonlocal, complex and algebraic.
Algorithmic learning is possible as well. A first step was
the famous Perceptron training algorithm [28] which will
always find a solution if one exists.

Learning procedures for the perceptron of optimal mar-
gin have been studied by a number of authors (e.g. [1],
[17]). Recently, generalized procedures have been pre-
sented which solve the optimal stability problem even if
an adjustable threshold is included as introduced in [29].
This general problem can be formulated as follows: find
a perceptron vector J and a threshold T such that for all
patterns:

jJj2 = min ;

 
J �� ��p

N
� T ��

!
� c � �jJj = 1 (15)

Eqns. (15) can be understood as follows: all patterns
are mapped to their correct output, hence � c. In con-
trast to eq. (2) for Adaline, here we have inequalities
which make the conditions (15) necessary and sufficient:
patterns ”far away” from c are mapped correctly without
equality to c being forced. With c fixed (arbitrarily) to 1,
and jJj2 being minimized, the margin 2� between pos.
and neg. mapped patterns is maximized, giving good ro-
bustness against perturbations. This of course only holds
if the problem is linearly separable, i.e. if a hyperplane
with normal vector J and distance from the origin T ex-
ists which separates the patterns with pos. and neg. output
mappings. This situation is very unsatisfying, since lin-
ear separability is not known a priori. Algorithms have
been devised [22] which detect non-linear-separable cases
but do not provide any approximate solution then. Our
aim therefore is to find an algorithm which, without prior
inspection of linear separability, will automatically either
find a maximum margin solution (15) if one exists, or a
robust solution which ignores misclassified patterns far
away from the separating hyperplane.

In order to motivate the operating principle of such an
algorithm, we shall have a look at eqns. (15) again from
the point of view of optimization theory [10]. There, it is
known that the solution to this problem is derived from an
optimal subset of patterns for which eqns. (15) hold with
equality, whereas for the remaining patterns strict inequal-
ity holds. There exist optimality conditions � > 0 which
guarantee the uniqueness of the optimal solution. The op-
timal subset can be found by regarding intermediate solu-
tions drawn from active sets. Details of these procedures
can be found in [10].



It is demonstrated in [35] that both the minimization
eq. 15 and the search for active sets can be performed in
one single algorithm, which also works if the two output
classes are not linearly separable! This can be achieved by
taking into account two effects:
1. The updates of the weight vector as in eq. 7 add por-
tions of the training vectors to the weight vector. These
portions get smaller as the training error decreases. The
additions amount to turning the weight vector in space to-
wards errorneous training vectors.
2. For inseparable sets of training vectors, these methods
fail. It is known that the reason for failing is that the mag-
nitude of the abovementioned turning does not converge,
since there are always training vectors which are not cor-
rectly mapped. This destroys previously learned vectors.

The (mathematically proven in [35]) solution of this
dilemma is twofold:
1. to force the magnitude of turning to decrease even if
the mappings are not correct (yet). However, if a separa-
ble solution exists, it has to be found. Both is achieved
simultaneously by turning and rescaling, the latter being
possible by upscaling of J.
2. Only update with the training vector which is ”just”
incorrectly mapped. Mathematically, this is the vector
which least violates eq. 15.

This vector being �
�

, updates then look as follows
(compare eq. 7)

�J(t) =



N
���� + �J(t� 1) (16)

where 
; � do not have to be adjusted, and are given
explicitly in [35].

Let us now look again from a statistical point of view
at the generalisation ability of such networks with thresh-
olds. In order to shine more light on the effect of thresh-
olds, we will again assume a teacher network with weight
vector B and threshold U , providing the rule:

�� = sign

�
1p
N
B � �

�
� U

�
: (17)

The student network eq. (1) learns p = �N examples of
this rule by selecting his network weights J and his thresh-
old T such that the examples are stored with maximum
margin � = �max according to eq. (15). Obviously, due
to identical structure of the teacher and student network,
the problem is linearly separable.

A calculation [11] of the volume V available for a so-
lution to eq. (15) in the phase–space (J; T ) with margin
� > 0 will show the desired generalisation (eq. 12). At
this point, we give some details of the technicalities of
these calculations since all ”Statistical Mechanics” style
results in this paper follow these lines. Readers who do
not find this instructive to see may directly consult fig. 2
below for the results.

V =

+1Z
�1

dT

NY
j=1

dJj�
�jJj2 �N

�� (18)

Y
�

�

"
��+

 
J � �

�p
N

� T

!
sign

 
B � �

�p
N

� U

!#

The integration is performed over a J-sphere in or-
der to have a bounded measure. The argument of the
�-function indicates that teacher and student mappings
match, and that a minimum margin of 2� between the
two output classes is achieved. Eq. (18) is then aver-
aged over p = �N many, randomly selected examples
which bound the space for possible (J; T ). At fixed �,
when increasing the margin� the available volume of this
space shrinks further until at zero volume, maximum mar-
gin �max(�;U) is obtained. The generalisation ability
eq. (12) can then be given as a function G = G(�max) =
G(�;U). Details of this approach are given in [36], the
results are as follows:

Figure 2: Generalization ability G as a function of capac-
ity � for various teacher thresholds U . Theoretical results
are given as solid lines. Generalization converges to 1 for
U ! 1. For U = 1, simulation results (triangles) and
standard deviations (bars) are given as well for a network
with 100 neurons, averaged over 40 runs. For any �, U ,
this network was trained to optimal stability. Then 500
question vectors and outputs were selected randomly, and
G was obtained as the fraction of correct assignments by
the network.

It is first of all striking that in networks with thresh-
old, the generalization ability initially decreases with �.
This effect was not observed in networks without thresh-
olds [23]. Furthermore, generalization is improved by an
optimally chosen threshold throughout. In particular, the
generalization ability at � = 0 is already higher than the
“random” result G = 0:5 and increases with the teacher’s
threshold. These effects demand some detailed interpreta-
tion.

For small �, there is very few information at hand
for the student about the direction of B. However, since
U 6= 0, the student will detect already from a few teacher’s
answers that the output is biased. Thus a statistical best
choice is to set all outputs to one value according to the
teacher’s bias. One can evaluate G at small �. With the
parameter m = 2 erf(jUj) � 1, which is identical to the



absolute output bias, one obtains

G =
1 +m

2
� 1p

2�

p
�
p
1�m2 exp

�
� m2

2� (1�m2)

�

which shows the behaviour as in fig. 2. Similarly, for
high � >> eU

2=2 one obtains in leading order

G ' 1� 0:501

�
; (19)

where the value 0:501 is obtained analytically (see [36]).
The derivation of this number is valid for networks and
rules with or without threshold. Note that G does not de-
pend onU to leading order in 1=�which clearly shows the
deterministic character of generalization: for large �, the
examples fill the input space quasi–homogenously. Fur-
thermore, note that the generalization ability almost reaches
the Bayes optimal result of G = 1 � 0:44=� which was
obtained numerically in [24]. Thus Bayes–optimal learn-
ing will improve generalization only very slightly, but at
the cost of sampling a (high) number of possible solu-
tions in the full (J; T )-space allowed for by eq. (15) [32].
Note that in contrast to the Adaline algorithm eqns. 13,14,
we cannot achieve perfect generalization despite identical
structure of teacher and student networks. The reason is
that the networks are now nonlinear.

The theoretical results for G can be verified by simu-
lations, see fig. 2.

In summary, we have provided algorithmic tools which
overcome one of the most serious drawbacks of percep-
tron learning, the requirement of linear separable prob-
lems. This drawback had almost stopped neural network
research altogether in 1969, through the famous publica-
tion by Minsky and Papert [20] mentioned already above.
We have seen that our algorithms provide the generalisa-
tion ability predicted by theory. That is, we can assess
through the output bias of our samples (via U ) which gen-
eralisation we can expect after presenting p samples to the
network. Altogether, this enables us to take full advantage
of perceptron learning which is superior to the previously
considered Adaline learning.

5. MULTILAYER NETWORKS

For multilayer networks, the problem of finding internal
representations is most crucial. The corresponding mathe-
matical task has been shown to be non–polynomial–complete
[14], which makes it very unlikely that an algorithm will
be devised which solves the problem. However, numer-
ous approaches have been made to tackle the learning task.
The most prominent one is the backpropagation algorithm
[30] which applies gradient descent procedures and alter-
nates between forward and backward processing of the
learning error. Several alterations to backpropagation ex-
ists which make it faster, e.g. second order learning [9] or
the inclusion of momentum terms [26]. The moving tar-
gets algorithm [27] directly aims at finding internal rep-
resentations. If the architecture is flexible, tiling methods
[19] have been devised which will always solve the learn-
ing problem, however the number of hidden units may be-
come excessively large. In this spirit, a Boolean network
may always be used.

Let us consider a multilayer perceptron as in figure 1.
We shall be interested in its learning capacities. Denote
the internal representation of pattern � at node k by v

�
k .

Let F be the “output function” which maps fv�k = �1g !
�1. In particular, F can for example be a neural architec-
ture of one additional layer with fixed weights wk and a
fixed threshold T in the second layer, i.e. F = sign(T +P

k wkvk). Then the network equations for the multilayer
network under consideration can be written:

�� = F (fv�k g)

where v�k = sign

NX
i=1

Jki �
�
i ;8�: (20)

N is the number of input neurons accessible to one node
in the first hidden layer. For a tree–like architecture, N
therefore has to be replaced by N=K, which is not neces-
sary if the first hidden layer is fully connected (FC) to the
input layer.

Several approached have been made to apply statis-
tical analysis to this type of network. In Computational
Learning Theory [2], the generalization probability P is
inspected, that any learning algorithm matches unknown
patterns with error < ". It is found that, if P > 1 � � is
required, p � N

"

�
ln 2� ln �

N

�
many examples are needed

to achieve this accuracy, regardless of distribution of map-
pings and patterns [4]. In other words, for high general-
ization the number of required examples of the underlying
pattern distribution scales with N , but diverges as 1=".
This is a worst case result, since it holds for any pattern
distribution. It is, however, the basis for support vector
machines [31].

We instead investigate capacities (rather than general-
ization) of multilayer networks. This will show to be a
problem which is easier to handle. The capacity � is al-
ways taken as p=N , whereN is the full number of neurons
in the input layer. The following analysis provides results
in the large–N limit for the fully connected architecture.
Upper and lower bounds to storage capacities are known
for some particular output functions ([5], [21]). Here, we
would like to extend these results to networks with arbi-
trary (but fixed) output statistics and output functions. Of
course the known results must hold as special cases. As
we shall see shortly, the networks we consider can be fully
characterised by few parameters which allow for general
formulae for upper and lower capacity bounds which we
define as � and �.

Notice first that since F is a function of the K binary
variables vk, and since F takes binary values only, it can
always be written in its Boolean conjunctive normal form,
i.e.

F =

RX
j=1

"
KY
k=1

(
vk

)

#
j

; (21)

where the variables vk appear either non–negated or negated
(overlined) in each product j, and no two products equal.
R then is the number of Boolean K–products that lead to
output one. In order to produce the required output values,
it is legitimately possible to store p patterns through

W =: Rp(1+mout)=2 � (2K �R)p(1�mout)=2 (22)



many sets of internal representations fv�k g. One of these
sets thus contains one possible internal representation of
all patterns at all hidden layer nodes, i.e. K � p elements.
However, not every such set can be learnt by adjusting the
weights of the input layer. We will therefore look at the
learning probability P = P (p;N;mout; F ,architecture),
i.e. the probability that p random patterns with output
bias mout can be learnt by a network of given architecture
(tree, FC) with N input units and a function F relating the
K hidden nodes to the output.

Cover [6] has shown that a single neuron can produce
C(p;N) many dichotomies, i.e. number of possible sets
of output assigments fv�g. As a lower bound, we may
further use [37] that the number of dichotomies which
are accessible with certainty is C = exp(2p ln 2=�). We
can make use of these quantities as follows: The learning
probability P is given as the probability that at least one
of theW correct sets of internal representations is reached
by theCK many sets of internal representations accessible
by the input layer, where these sets are located anywhere
within the 2pK many possible sets of internal represen-
tations. The storage capacity is then found at P = 0:5.
This translates our problem into a combinatorial one. The
solution is given implicitely [37], with r = R=2K :

1 � (1 +mout) log2(r) + (1�mout) log2(1� r)

� 2K

=
log

2
(�)

�
�
�
1� 1

�

�
log

2

�
1� 1

�

�
=

2

�
(23)

Note that dependency on the output layer function F

has been reduced to dep. on r. Let us now look at two
prominent examples which have been studied by a number
of authors ([8], [21]). The parity machine is defined as
F =

Q
k(vk) and therefore

r(P ) = 2�K
(K�1)=2X

j=0

�
K

2j

�
=

1

2
: (24)

The committee machine is defined as F = sign(
P

k vk):

r(C) = 2�K
(K�1)=2X
j=0

�
K

j

�
=

1

2
: (25)

As the names suggest, for the parity machine the product
of all signs provided by the hidden layer neurons must be
1. The committee machine emulates a perfect committee
which decides in favor (1) of a candidate (pattern) if more
than half of their members (hidden nodes) are in favor (1).

Evaluating eqns. 23 gives the following results which
are compared with other calculations and experiments. Here
the terms ”replica symmetric” and ”1 step replica sym-
metry breaking” refer to technical procedures in statistical
calculations of Statistical Mechanics style, the latter being
more accurate. Details are provided in [3] and [8].

Table 1 clearly shows that replica–symmetric calcula-
tions violate the upper capacity bound for K � 7. How-
ever, the largeK behaviour shows that our bounds derived
from combinatorial approaches are tight only for the parity
machine. This can be understood in the light of considera-
tions given e.g. in [8]: there is no ”clique building” for the

K � �RS �1RSB �Sim: �

1 2 2 – 2 2
3(P ) 16.3 30.9 15.0 – 6
3(C) 16.3 12.1 9.0 6.5 6

5 32.2 28.9 – 10.9 10
7 49.5 51.1 – 15.3 14
9 67.8 78.3 – 20.0 18

large !Klb(K) (P )/Klb(K) – – 2K
(C)/K

p
lb(K)

Table 1: Storage capacity bounds �, �, replica symmet-
ric calculation (RS), one step replica symmetry breaking
(1RSB) and simulation results (Sim) for various K in the
fully connected architecture [8]. The data for the parity
machine is taken from Barkai et al. [3].

hidden nodes in the parity machine: any sign flip in one
node will change the result. In contrast, if in a commit-
tee machine a majority of the hidden nodes already ”vote”
errorneously for a pattern, the other nodes are not able to
change that decision. Hence errors can be less easily cor-
rected, and consequently the storage capacity is lower.

Furthermore, simulation results are just slightly higher
than � . The reason is that gradient descent or similarly
constructed algorithms can only be expected to give re-
sults in the vicinity of �. One has to use very elaborate
search techniques in the space of internal representations
to improve the storage capacity. For example, the moving
targets algorithm of Rohwer [27] works along these lines.

The strength of the capacity derivation given in this
section are therefore not good bounds for particular, well
investigated output functions. Table 1 showed that in these
cases our bounds are at least fair. The strength of the
bounds provided in eq. (23) is rather that it is uniquely
applicable to any type of output function and output bias.
This makes it a powerful tool for network design. In par-
ticular in using the conservative lower bound, one can as-
sess for a required Boolean output characteristic the num-
ber of hidden nodes necessary for storage of patterns with
particular output bias with high confidence. These results
have again been obtained by statistical and combinatorial
methods.

6. SUMMARY

This paper takes a new look at neural networks from a
statistical point of view. Many illustrative features have
been derived under this concept both for single-layer and
multilayer networks. This produces results both for op-
timal design of training algorithms, and for analysis of
the powers such networks have. These results could not
have been brought about by algebraical methods, hence
we hope to have shone a new light on the treatment of
neural networks.
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